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Abstract
We study discrete Schro¨dinger operators with analytic potentials.
In particular, we are interested in the connection between the abso-
lutely continuous spectrum in the almost periodic case and the spectra
in the periodic case. We prove a weak form of a precise conjecture re-
lating the two.
We also bound the measure of the spectrum in the periodic case
in terms of the Lyapunov exponent in the almost periodic case.
In the proofs, we use a partial generalization of Chambers’ formula.
As an additional application of this generalization, we provide a new
proof of Herman’s lower bound for the Lyapunov exponent.
1 Introduction
In this paper we consider discrete Schro¨dinger operators of the form
[Hα,θψ] (n) = ψ(n+ 1) + ψ(n− 1) + Vα,θ(n)ψ(n) , ψ ∈ ℓ2(N) ,
where we formally set ψ(0) = 0. The potential
Vα,θ(n) = f(2παn+ θ) (α ∈ R, 0 ≤ θ < 2π)
∗shamis@ias.edu, School of Mathematics, Institute for Advanced Study, Einstein Dr.,
Princeton, NJ 08540, USA. Supported by NSF under agreement DMS-0635607.
1
is constructed from a function f which is periodic of period 2π, and analytic
in a strip {z ∈ C | |Imz| ≤ η}. We also assume that f is real on R; in this
case the operator is self-adjoint.
As a primary example, one may think of the special case when f is a
trigonometric polynomial
P (θ) =
d∑
k=−d
ak exp(ikθ) , (1.1)
where we assume that a−k = a¯k for −d ≤ k ≤ d.
If α ∈ Q, the potential is periodic, and the spectrum σ(p/q, θ) of Hα,θ is a
union of q closed intervals 1. Denote
S−(
p
q
) =
⋂
0≤θ<2π
σ(
p
q
, θ) .
If α /∈ Q, the operator is almost periodic. In this case the spectrum does
not depend on θ (by Pastur’s theorem, see, e.g., [5, Theorem 9.2]). We shall
mainly be interested in the set
A(α) = {E | γ¯(E, α) = 0}
where the Lyapunov exponent γ¯ (see Section 2.1 for the definition) vanishes.
According to the Ishii–Kotani–Pastur theorem [5, Theorem 9.13], A(α) is
an essential support of the absolutely continuous spectrum of Hα,θ for any
0 ≤ θ < 2π, that is, a minimal (up to Lebesgue measure zero) set which
supports the absolutely continuous part of the spectral measure.
We are interested in the connection between the set A(α) for irrational
α and the spectra σ(p/q, θ) of the periodic operators corresponding to p/q
that are close to α. Apart from the intrinsic interest, this connection is often
used to study almost periodic operators via their periodic approximations.
This paper is motivated by the following conjecture, which we learned from
Y. Last:
1Formally, the spectrum of a periodic operator on the half-line also includes q−1 simple
eigenvalues. We abuse the notation and denote by σ(p/q, θ) the spectrum without these
eigenvalues, which is actually the essential spectrum of the operator.
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Conjecture. For any α /∈ Q, A(α) = limp/q→α S−(p/q). That is,
lim sup
p
q
→α
S−(
p
q
) =
⋂
δ>0
⋃
| p
q
−α|<δ
S−(
p
q
)
and
lim inf
p
q
→α
S−(
p
q
) =
⋃
δ>0
⋂
| p
q
−α|<δ
S−(
p
q
)
coincide (at least, up to Lebesgue measure zero) with one another and with
A(α).
We remark that equality modulo sets of measure zero would be sufficient
for most of the applications.
The intuition is roughly as follows. If α /∈ Q is very close to p/q, then,
for any θ1 and θ2, one can find long pieces of Vα,θ1 that are close to long
repetitions of the period of Vp/q,θ2. Therefore, if E /∈ σ(p/q, θ2), the potential
Vα,θ1 contains “barriers” which prohibit conductivity at energy E, namely,
E is outside the absolutely continuous spectrum of Hα,θ1. Vice versa, if
E ∈ σ(p/q, θ) for all θ and all p/q sufficiently close to α, the Lyapunov
exponent γ¯(E, α) should be zero (since γ¯(E, p/q, θ) = 0 for every θ.)
As additional evidence for the conjecture, we remark that (modulo Lebes-
gue measure zero) it holds for the almost Mathieu operator, which corre-
sponds to f(θ) = λ cos θ for λ 6= 0 (that is, d = 1 in (1.1).) This follows from
the known results about the measure and the structure of the spectrum for
the almost Mathieu operator, see, e.g., the review of Last [13].
It appears that one direction of the conjecture can be derived directly
from the result of Bourgain and Jitomirskaya [3]. Namely, the following
holds:
Theorem 1.1. For any α /∈ Q,
A(α) ⊃ lim sup
p
q
→α
S−(
p
q
)
Remark. A related result was proved by Last in [12] for a certain set of α-s
of full Lebesgue measure.
In the other direction, we have only been able to prove a weaker result.
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Theorem 1.2. For ǫ > 0, denote
S−(
p
q
, ǫ) =
⋂
θ
{
E | dist(E, σ(p
q
, θ)) < ǫ
}
,
where
dist(E,K) = inf
E′∈K
|E − E ′| .
Then for any α /∈ Q
A(α) ⊂
⋂
ǫ>0
lim inf
p
q
→α
S−(
p
q
, ǫ) .
We also prove an estimate for the average measure of σ(p/q, θ) in terms
of the Lyapunov exponent:
Theorem 1.3. There exists a number d = d(f) such that the following holds.
Fix α /∈ Q. For any ǫ > 0 there exists δ > 0 such that for |p/q − α| < δ and
for any E for which γ¯(E, α) > ǫ∣∣∣∣{θ | E ∈ σ(pq , θ)}
∣∣∣∣ ≤ C exp [− q2d(γ¯(E, α)− ǫ)] .
In particular, for any compact I ⊂ R,∫ ∣∣∣σ(p
q
, θ) ∩ I
∣∣∣dθ ≤ C ∫
I
exp
[
− q
2d
(γ¯(E, α)− ǫ)+
]
dE
≤ C|I| exp
[
− q
2d
(
min
E∈I
γ¯(E, α)− ǫ
)
+
]
.
(1.2)
Remark. In the case of trigonometric potential (1.1) one may take d to be
the degree of P .
Here and in the sequel C > 0 stands for a universal constant the value of
which may change from line to line.
Note that, for “most” values of θ the inequality (1.2) gives an upper bound
for the measure of the spectrum σ(p/q, θ) which is exponentially small in q
in the region of positive Lyapunov exponent. We do not know whether such
a bound is true for all values of θ.
The paper is built as follows. In Section 2, we collect the preliminaries we
need in the sequel. In particular, in Section 2.2 we use Avila’s argument to
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effectively reduce the problem to the case of trigonometric polynomials, and
in Section 2.3 we state two Remez–Tura´n type inequalities for trigonometric
polynomials (due to Erde´lyi and Nazarov) which are an important ingredient
in the proof of the results. In Section 2.4 we prove a convenient formula
for the Lyapunov exponent, and cite a corollary of the Combes–Thomas
estimate.
Section 3 contains several facts which can be seen as partial generaliza-
tions of Chambers’ formula [4], which was originally proved for the almost
Mathieu operator. These form the main component in the proofs of The-
orems 1–3, which appear in Section 4. These facts are probably known to
specialists; we include the proofs for the convenience of the reader.
Finally, in Section 5 we show how Herman’s lower bound [9] on the Lya-
punov exponent
γ¯(E, α) ≥ ln+ |ad| (1.3)
for trigonometric potentials (1.1) can be easily recovered using the mech-
anism of this paper. The argument also shows that S−(p/q) is empty for
sufficiently large q if |ad| > 1. Note that if the conjecture were true, this
would follow immediately from (1.3). For now, we prove this separately, to
provide additional support for the conjecture.
Acknowledgment. I thank Sasha Sodin for very pleasant and insightful dis-
cussions, and, in particular, for referring me to the inequalities of Erde´lyi and
Nazarov. I thank Tom Spencer for suggesting to use the Combes–Thomas
estimate instead of the bound which appeared in an early draft of this paper.
I thank Svetlana Jitomirskaya for helpful comments on an early version of
this paper, and for suggesting to apply Avila’s argument [1] to extend the
results to general analytic potentials.
2 Preliminaries
2.1 Transfer matrices
Let H be a discrete Schro¨dinger operator with real bounded potential V ,
[Hψ] (n) = ψ(n+ 1) + ψ(n− 1) + V (n)ψ(n) .
The one-step transfer matrices Tn(E) are defined as
Tn(E) =
(
E − V (n) −1
1 0
)
,
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and the n-step transfer matrix Φn(E) is defined as
Φn(E) = Tn(E) · · ·T2(E) T1(E) .
Set ∆n(E) = trΦn(E) (where tr stands for the trace); this is a real monic
polynomial of degree n. If the operator is periodic of period q, the polynomial
∆ = ∆q is called the discriminant of H .
For our operatorHα,θ, we denote the n-step transfer matrix by Φn(E, α, θ),
and ∆n by Dn(E, α, θ). For any n ≥ 1, Dn is an analytic function of θ. In
the special case (1.1), it is a trigonometric polynomial in θ of degree nd.
The Lyapunov exponent γ(E, α, θ) is defined by
γ(E, α, θ) = lim
n→∞
1
n
ln ‖Φn(E, α, θ)‖ .
According to the Furstenberg–Kesten theorem [7], the limit exists for almost
every θ. If α /∈ Q, the Lyapunov exponent does not depend on θ. In general,
it is convenient to define
γ¯(α,E) = lim
n→∞
1
2π
∫ 2π
0
ln ‖Φn(E, α, θ)‖dθ .
For irrational α, γ¯(E, α) = γ(E, α, θ).
2.2 Approximation of the discriminant by a trigono-
metric polynomial
In the general case, Dn(E, α, θ) is an analytic function of θ. In this section,
we reproduce an argument of Avila [1] that shows that Dn can be well ap-
proximated by a trigonometric polynomial of degree ≤ const · n. This will
allow to apply the estimates for trigonometric polynomials which we cite in
the next section.
Let us represent Dn(E, α, θ) by its Fourier series
Dn(E, α, θ) =
∞∑
k=−∞
Ck,n(E, α)e
ikθ ,
and let
Dn,m(E, α, θ) =
m∑
k=−m
Ck,n(E, α)e
ikθ
denote a finite piece of the Fourier series.
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Lemma 2.1. For any R > 0, there exists d = d(f, R) such that
|Dn(E, α, θ)−Dn,dn(E, α, θ)| ≤ e−n
for any 0 ≤ θ < 2π, α ∈ R, −R ≤ E ≤ R.
Proof. First,
Ck,n(E, α) =
1
2π
∫ 2π
0
Dn(E, α, θ)e
−ikθdθ .
For k > 0, we shift the contour of integration by −iη; this yields:
|Ck,n(E, α)| =
∣∣∣∣ 12π
∫ 2π
0
Dn(E, α, θ − iη)e−ik(θ−iη)dθ
∣∣∣∣
≤ e−kηmax
θ
|Dn(E, α, θ − iη)| .
Now,
max
θ
|Dn(E, α, θ − iη)| ≤ 2max
θ
∥∥∥∥( E − f(θ − iη) −11 0
)∥∥∥∥n
≤ 2
(
2 + |E|+max
θ
|f(θ − iη)|
)n
≤ (C(f) + |E|)n ,
where C(f) is a positive constant depending only on f . Therefore
|Ck,n(E, α)| ≤ e−kη(C(f) + |E|)n ,
and∣∣∣∣∣
∞∑
k=dn
Ck,n(E, α)e
ikθ
∣∣∣∣∣ ≤ (C(f) + |E|)n e−dnη1− e−η ≤ (C1(f) + |E|)ne−dnη .
Choosing d sufficiently large, one can make this expression smaller than e−n/2
for −R ≤ E ≤ R. A similar argument works for k < 0.
2.3 Estimates on trigonometric polynomials
We shall use two Remez–Tura´n–type inequalities.
Theorem (Erde´lyi [6]). Let Q(θ) =
∑r
k=−r ck exp(ikθ) be a trigonometric
polynomial of degree r, and let X ⊂ [0, 2π) be a measurable set, |X| ≥ 3π/2.
Then
max
θ∈[0,2π)
|Q(θ)| ≤ eCr(2π−|X|) sup
θ∈X
|Q(θ)| . (2.1)
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Theorem (Nazarov [14]). Let Q(θ) =
∑r
k=1 ck exp(imkθ) be a trigonometric
polynomial with r terms, and let X ⊂ [0, 2π) be a measurable set. Then
max
θ∈[0,2π)
|Q(θ)| ≤
(
C
|X|
)r−1
sup
θ∈X
|Q(θ)| . (2.2)
Remarks.
1. The constant C > 0 in both inequalities is universal, independent of the
polynomial Q under consideration.
2. We do not use the full strength of Nazarov’s theorem, even in the special
case which we stated above. Indeed, the polynomials we consider are of
the form Q(θ) = Q˜(qθ), in which case (2.2) can be derived from a
version of (2.1) which covers the case |X| ≤ 3π/2. A proof of the latter
can be found for example in the work of Ganzburg [8].
3. Similar inequalities have been previously applied to study Schro¨dinger
operators with quasiperiodic potentials; see for example Jitomirskaya
[10, Theorem 8].
2.4 A formula for the Lyapunov exponent
Set
Mn(E, α) = max
θ
|Dn(E, α, θ)| .
Proposition 2.2. For any α /∈ Q,
γ¯(E, α) = lim sup
n→∞
1
n
lnMn(E, α) .
Proof. First, let us show that
γ¯(E, α) ≤ lim sup
n→∞
1
n
lnMn(E, α) .
We can assume that γ¯(E, α) > 0. Avila and Bochi [2, Theorem 15] have
shown (in the general setting of ergodic SL2 sequences) that, for almost
every θ,
γ¯(E, α) = lim sup
n→∞
1
n
ln ρ(Φn(E, α, θ))
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(where ρ stands for the spectral radius.) Recalling that
ρ(Φ) ≤ | trΦ |
for Φ ∈ SL2(R) such that ρ(Φ) > 1 (which happens if and only if | trΦ| > 2),
we obtain:
γ¯(E, α) ≤ lim sup
n→∞
1
n
ln |Dn(E, α, θ)| ≤ lim sup
n→∞
1
n
lnMn(E, α) .
Let us prove the complementary inequality. Fix ǫ > 0. By Egoroff’s theorem,
there exists X ⊂ [0, 2π) such that |X| ≥ 2π − ǫ and
1
n
ln ‖Φn(E, α, θ)‖ −→
n→∞
γ¯(E, α)
uniformly on X . Therefore
lim sup
n→∞
sup
θ∈X
1
n
ln |Dn(E, α, θ)| ≤ γ¯(E, α) .
Now, Erde´lyi’s inequality (2.1) implies:
max
θ
|Dn,dn(E, α, θ)| ≤ exp(Cdnǫ) sup
θ∈X
|Dn,dn(E, α, θ)| ,
hence by Lemma 2.1
Mn(E, α) ≤ exp(Cdnǫ)
(
sup
θ∈X
|Dn(E, α, θ)|+ e−n
)
+ e−n ,
and therefore
lim sup
n→∞
1
n
lnMn(E, α) ≤ γ¯(E, α) + Cdǫ .
Taking ǫ→ +0, we conclude the proof.
Now we cite several facts pertaining to (general) periodic Schro¨dinger op-
erators. LetH be a periodic Schro¨dinger operator of period q. The Lyapunov
exponent of H satisfies
γ(E) = lim
n→∞
1
n
ln ‖Φn(E)‖ = 1
q
ln ρ(Φq(E)) ,
where ρ stands for the spectral radius.
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Let E0 be an energy outside the spectrum σ(H). Then the discriminant
∆ is equal to
∆(E0) = exp(qγ(E0)) + exp(−qγ(E0)) .
From the Combes–Thomas estimate (see for example [11, Theorem 11.2]),
γ(E0) ≥ cmin
{
dist
(
E0, σ(H)
)
, 1
}
,
where c > 0 is a universal constant. Thus we obtain the following:
Lemma 2.3. Let H be a periodic Schro¨dinger operator of period q, and let
E0 be an energy outside the spectrum σ(H). Then
|∆(E0)| ≥ exp
[
cqmin
{
dist
(
E, σ(H)
)
, 1
}]
,
where c > 0 is a universal constant.
3 Variations on Chambers’ formula
As before, we consider the Fourier expansion
Dn(E, α, θ) =
∞∑
k=−∞
Ck,n(E, α) exp(ikθ) (3.1)
for Dn.
In the periodic case, most of the coefficients are zero:
Proposition 3.1. For any p/q ∈ Q, Dq is periodic in θ of period 2π/q:
Dq(E,
p
q
, θ +
2π
q
) = Dq(E,
p
q
, θ) . (3.2)
Consequently,
Dq(E,
p
q
, θ) =
∞∑
k=−∞
Ckq,q(E,
p
q
) exp(ikqθ) .
Proof. First,
V p
q
,θ+ 2pip
q
(n) = V p
q
,θ(n+ 1) ,
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therefore
Tn(E,
p
q
, θ +
2πp
q
) = Tn+1(E,
p
q
, θ) .
Also, Tn is a periodic sequence of period q, therefore
Dq(E,
p
q
, θ +
2πp
q
)
= tr
[
Tq(E,
p
q
, θ +
2πp
q
) · · ·T2(E, p
q
, θ +
2πp
q
) T1(E,
p
q
, θ +
2πp
q
)
]
= tr
[
T1(E,
p
q
, θ)Tq(E,
p
q
, θ) · · ·T2(E, p
q
, θ)
]
.
Since trace is cyclic, we conclude that
Dq(E,
p
q
, θ +
2πp
q
) = Dq(E,
p
q
, θ) .
Now, obviously,
Dq(E,
p
q
, θ + 2π) = Dq(E,
p
q
, θ) ;
since p and q are relatively prime, the last two equalities imply (3.2).
The next proposition describes the leading coefficients in the trigonomet-
ric case (1.1).
Proposition 3.2. Suppose the potential is defined by (1.1). For any α ∈ R,
C±dn,n(E, α) = (−a±d)n exp [±πiαdn(n+ 1)] .
In particular, for α = p/q ∈ Q and n = q,
C±dq,q(E,
p
q
) = −(−1)(d+1)(q+1) aq±d .
Proof. We have:
C±dn,n =
n∏
k=1
{
− a±d exp [±2πiαkd]
}
= an±d exp [±πiαdn(n + 1)] .
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4 Proofs of the theorems
Bourgain and Jitomirskaya [3] have proved that the Lyapunov exponent
γ¯(E, α) is jointly continuous in E and α on R × (R \ Q). Therefore for
any α /∈ Q and ǫ > 0 there exists δ > 0 such that for any |p/q − α| < δ and
any E in any compact set
|γ¯(E, p
q
)− γ¯(E, α)| ≤ ǫ .
Also observe that
γ¯(E,
p
q
) = lim
n→∞
1
2πn
∫ 2π
0
ln ‖Φn(E, p
q
, θ)‖ dθ
=
1
2π
∫ 2π
0
γ(E,
p
q
, θ) dθ (dominated convergence)
=
1
2πq
∫ 2π
0
ln ρ(Φq(E,
p
q
, θ)) dθ (cf. Section 2.4.)
Now we are ready to prove the main results.
Proof of Theorem 1.1. We can assume that γ¯(E, α) > 0. Then, for p/q suf-
ficiently close to α, γ¯(E, p/q) > 0. Therefore there exists θ for which
1
q
ln ρ(Φq(E,
p
q
, θ)) > 0 ,
that is, E /∈ σ(p/q, θ), hence E /∈ S−(p/q).
Proof of Theorem 1.2. Let ǫ > 0. One can find δ > 0 such that for any
p/q for which |p/q − α| < δ and for any E ∈ A(α) the Lyapunov exponent
satisfies γ¯(E, p/q) ≤ ǫ. Therefore
ǫ ≥ γ¯(E, p
q
)
=
1
2πq
∫ 2π
0
ln ρ(Φq(E,
p
q
, θ)) dθ ,
which implies∣∣∣∣{θ | |Dq(E, pq , θ)| ≥ 2e2qǫ}
∣∣∣∣ ≤ ∣∣∣∣{θ | ρ(Φq(E, pq , θ)) ≥ e2qǫ}
∣∣∣∣ ≤ π .
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By Lemma 2.1, ∣∣∣∣{θ | |Dq,dq(E, pq , θ)| ≥ 2e2qǫ + e−n}
∣∣∣∣ ≤ π .
According to Proposition 3.1, Dq,dq is a trigonometric polynomial with 2d+1
non-zero terms, therefore Nazarov’s inequality (2.2) implies:
Mq(E,
p
q
) ≤ (2e2qǫ + e−n)Cd + e−n ≤ e2qǫC˜d ,
therefore for any θ ∈ [0, 2π)
|Dq(E, α, θ)| ≤ e2qǫC˜d .
On the other hand, Lemma 2.3 tells us that for energies E at distance ǫ˜ > 0
from σ(p/q, θ),
|Dq(E, p
q
, θ)| ≥ exp(cq min(ǫ˜, 1)) .
Therefore ǫ˜ ≤ Cǫ, hence
dist(E, σ(
p
q
, θ)) ≤ Cǫ .
This is true for any θ, hence
E ∈ S−(p
q
, Cǫ) .
We have shown that
A(α) ⊂ S−(p
q
, Cǫ) ;
taking the intersection over all ǫ > 0, we conclude the proof.
To prove Theorem 1.3, we need a general statement.
Proposition 4.1. For any p/q ∈ Q and E ∈ R,∣∣∣∣{θ ∈ [0, 2π) | E ∈ σ(pq , θ)}
∣∣∣∣ ≤ CMq(E, pq )− 12d ,
where d = d(f) depends only on f . In the trigonometric case (1.1), one may
take d to be the degree of P .
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Proof. For simplicity, we prove the proposition in the trigonometric case
(1.1); the general case follows as before from the approximation of Lemma 2.1.
Denote
Υ(E,
p
q
) =
{
θ ∈ [0, 2π) | E ∈ σ(p
q
, θ)
}
.
By Proposition 3.1, Dq(E, p/q, ·) is a trigonometric polynomial with 2d + 1
terms. Therefore by Nazarov’s inequality (2.2) and the fact that the (essen-
tial) spectrum of a periodic operator is the inverse image of [−2, 2] under the
discriminant,
Mq(E,
p
q
) ≤
[
C
|Υ(E, p
q
)|
]2d
max
θ∈Υ(E, p
q
)
|Dq(E, p
q
, θ)| ≤ 2
[
C
|Υ(E, p
q
)|
]2d
,
and hence
|Υ(E, p
q
)| ≤ CMq(E, p
q
)−
1
2d
(with a different constant C > 0.)
Proof of Theorem 1.3. Let ǫ > 0. Choose δ > 0 such that for any energy E
and any p/q such that |p/q − α| < δ and
γ¯(E,
p
q
) ≥ γ¯(E, α)− ǫ .
If γ¯(E, α) > ǫ,
γ¯(E, α)− ǫ ≤ γ¯(E, p
q
)
=
1
2πq
∫ 2π
0
ln ρ(Φq(E,
p
q
, θ)) dθ
≤ max
θ
1
q
ln ρ(Φq(E,
p
q
, θ)) ≤ 1
q
lnMq(E,
p
q
) .
Therefore
Mq(E,
p
q
) ≥ exp [ q (γ¯(E, α)− ǫ) ] .
Combining this with the previous proposition, we obtain the estimate.
The corollary (1.2) follows from the Fubini theorem.
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5 Herman’s inequality
The results of this section pertain to the trigonometric case (1.1).
Proposition 5.1. For any α /∈ Q and any E ∈ R,
γ¯(E, α) ≥ ln+ |ad| .
Proof. By Proposition 2.2,
γ¯(E, α) = lim sup
n→∞
1
n
lnMn(E, α) ≥ lim sup
n→∞
1
2n
ln
1
2π
∫ 2π
0
|Dn(E, α, θ)|2dθ .
According to Proposition 3.2 we deduce:
γ¯(E, α) ≥ lim sup
n→∞
1
n
ln |Cdn,n(E)| = ln |ad| .
For the periodic case, one has the following:
Proposition 5.2. If |ad| > 1, S−(pq ) = ∅ for q > 12 log
2
|ad|
.
Proof. By Proposition 3.2,
Mq(E,
p
q
) ≥
[
1
2π
∫ 2π
0
|Dq(E, p
q
, θ)|2dθ
]1/2
≥
√
2|ad|q ,
which is larger than 2 for q > 1
2 log
2
|ad|
.
References
[1] A. Avila, Global theory of one-frequency Schrodinger operators I: strat-
ified analyticity of the Lyapunov exponent and the boundary of nonuni-
form hyperbolicity, arXiv:0905.3902
[2] A. Avila, J. Bochi, A formula with some applications to the theory of
Lyapunov exponents, Israel J. Math. 131 (2002), 125-137.
15
[3] J. Bourgain, S. Jitomirskaya, Continuity of the Lyapunov exponent for
quasiperiodic operators with analytic potential, Dedicated to David Ru-
elle and Yasha Sinai on the occasion of their 65th birthdays, J. Statist.
Phys. 108 (2002), no. 5-6, 1203-1218.
[4] W. Chambers, Linear network model for magnetic breakdown in two
dimensions, Phys. Rev. A 140 (1965), 135–143
[5] H. L. Cycon, R. G. Froese, W. Kirsch, B. Simon, Schro¨dinger operators
with application to quantum mechanics and global geometry, Texts and
Monographs in Physics. Springer Study Edition. Springer-Verlag, Berlin,
1987. x+319 pp. ISBN: 3-540-16758-7
[6] T. Erde´lyi, Remez-type inequalities on the size of generalized polynomi-
als, J. London Math. Soc., 45 (1992) (2):255–264.
[7] H. Furstenberg, H. Kesten, Products of random matrices. Ann. Math.
Statist. 31 (1960), 457-469.
[8] M. I. Ganzburg, Polynomial inequalities on measurable sets and their
applications, Constr. Approx. 17 (2001), no. 2, 275-306.
[9] M. Herman, Une me´thode pour minorer les exposants de Lyapounov et
quelques exemples montrant le caracte`re local d’un the´ore`me d’Arnol’d
et de Moser sur le tore de dimension 2, Comment. Math. Helv. 58 (1983),
no. 3, 453502.
[10] S. Jitomirskaya, Metal-insulator transition for the almost Mathieu op-
erator, Ann. of Math. (2) 150 (1999), no. 3, 1159-1175.
[11] W. Kirsch, An invitation to random Schro¨dinger operators (with an
appendix by F. Klopp), Panor. Synthses, 25, Random Schro¨dinger op-
erators, 1119, Soc. Math. France, Paris, 2008.
[12] Y. Last, A relation between a.c. spectrum of ergodic Jacobi matrices and
the spectra of periodic approximants, Comm. Math. Phys. 151 (1993),
no. 1, 183-192.
[13] Y. Last, Spectral theory of Sturm-Liouville operators on infinite inter-
vals: a review of recent developments, Sturm-Liouville theory, 99-120,
Birkha¨user, Basel, 2005.
16
[14] F. Nazarov, Local estimates of exponential polynomials and their appli-
cations to inequalities of uncertainly principle type. Algebra and Analy-
sis, 5(4) (1993) (Russian), English translation in St. Petersburg Math. J.,
5(4)(1994):663–717.
17
